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Abstract 

Boundary conditions in quantum graph vertices are generally given in terms of a unitary matrix U. Observing that 
if U has at most two eigenvalues, then the scattering matrix S(k) of the vertex is a linear combination of the identity 
matrix and a fixed Hermitian unitary matrix, we construct vertex couplings with this property: For all momenta k, the 
transmission probability from the j-th edge to ^-th edge is independent of (J, €), and all the reflection probabilities are 
equal. We classify these couplings according to their scattering properties, which leads to the concept of generalized 
5 and 5' couplings. 
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1. Introduction 

The study of quantum graph, the quantum mechanics of particle motion on interconnected one-dimensional lines, 
is becoming increasingly relevant to laboratory experiments on quantum wires and quantum dots, as experimentalists 
are gaining more control over the electronic states in these artificial objects in atomic scale. The designing of quantum 
graphs tailor-made to have desired properties is now high on our agenda. It amounts to exploring the proper charac- 
terization of the scattering matrices of quantum graphs, and identifying the structure of graph vertices that give rise to 
those scattering matrices. 

As a starting point for the designing of quantum graphs, we have considered, in our previous work 01 IH, me 
momentum-independent equally-transmitting quantum graph vertex, for which incoming wave from any graph edge 
results in equal reflections and also equal transmissions to all other edges. The momentum independence is guaranteed 
by limiting the graph vertices to scale invariant "Fulop-Tsutsui" type, which simplifies the situation considerably, 
since the scattering matrices of such vertices are Hermitian unitary |3J]. The simplification has yielded a mathematical 
reward in that we have been able to connect the designing equally-transmitting quantum vertices to the concept 
of modularly permutation symmetric unitary matrix, which amounts to an extension of Hadamard and conference 
matrices. This simplification, however, has its own drawbacks: The considered class does not include such natural 
equally-transmitting vertices as 5 coupling and also 5' coupling. For their inclusion, we naturally have to go beyond 
the scale invariant subfamily of vertices, and consider more general momentum-dependent scattering matrices. 

In this article, we examine a new class of more general incoming-momentum dependent equally-transmitting 
quantum vertices that include 6 and 5' couplings. To that end, we take a slightly different path from our previous 
work, in which we have relied on "ST-form" of connection matrix J3l, and utilize Harmer-Kostrykin-Schrader unitary- 
matrix characterization instead. It turns out that we obtain an advantage by further extending the equally-transmitting 
graph with quantum vertex described by unitary matrices having at most two eigenvalues. We show that such quantum 
vertex is a natural generalization of scale invariant vertex, in the sense that its scattering matrix is characterized by 
shifted and scaled Hermitian unitary matrix. It is shown that, with further delimitations, we obtain several subclasses 
of incoming-momentum dependent equally-transmitting quantum vertices that correspond to the generalizations of 6, 
6', and "mixed" couplings. 
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The article is organized as follows: In the next section, we lay out preliminary materials to set the stage. The 
quantum vertices described by "quadratically closed" unitary matrices are introduced in the third section, and their 
scattering matrices are analyzed in the fourth section. In the fifth section, quantum vertices with generalized permu- 
tation symmetry are derived as an important special class of vertices studied in previous sections, and the concepts of 
generalized 5 and 5' couplings are introduced. The sixth section concludes the article. 



2. Preliminaries 

Boundary conditions and scattering matrix 

Vertex couplings in quantum star graphs are mathematically given by boundary conditions which couple the 
vectors *F and *F' of the boundary values. The most general form of these conditions is 

(U - 1)^ + i(U + I)Y = 0, (1) 

where U is a unitary matrix (for a derivation see and Jit]). 

A vertex coupling can be uniquely determined also by its scattering matrix S(k). S(k) is a unitary energy- 
dependent matrix (more precisely speaking, a matrix function), 



S(k) = 



Km T 12 (k) ■■■ T ln {k)\ 
TzM Kiik) ■■■ T 2n (k) 

T„i(*) T n2 (k) ■•• <R„(k) ) 



(2) 



where n is the degree of the vertex, 'Rjik) is the reflection amplitude for the y'-th line and Tjc{k) is the transmission 
amplitude from the d-th to the y'-th line. Here and elsewhere, the parameter k denotes the square root of the energy 
of the particle coming into the vertex and at the same time the particle momentum, as we assume for simplicity 
h — 2m — 1. 

The matrix U and the scattering matrix S(k) are related in the following way: U = S(l) and 

S(k) = [(k - 1)17 + (k + 1)7] _1 ■ [(k + l)U + (k- 1)7] . (3) 

Remark 2.1. Matrix U is diagonal if and only if S(k) is diagonal for all k. This singular case physically represents 
a vertex whose edges are all isolated (a decoupled vertex). 

PS and MPS unitary matrices 

Notation 2.2. Everywhere in the paper, I and J denote an identity matrix and a square matrix all of whose entries 
are 1, respectively. In cases when we need to explicitely express the order £ of these matrices, we use the symbols I (t) 
and J (C) . 

Definition 2.3. (i) A square matrix M e C"'" is called permutation-symmetric (PS) if there are r,t e C such that 
the entries of M satisfy 

Mjj = r and M j( = t for all j, € = 1, . . . , n, j + I . 

(ii) We call a square matrix M 6 C"'" modularly permutation-symmetric (MPS) if there are r,t>0 such that the 
entries of M satisfy 

\Mjj\-r and \Mjf\ = t for all j,{ = 1, . . . ,«, j + I . 

Remark 2.4. If a matrix M is PS (or MPS) and P is a permutation matrix of the same size, then the matrix PMP~ l 
is PS (or MPS, respectively) as well. 

PS and especially MPS matrices that are at the same time unitary are important in various applications. It is easy 
to characterize all unitary PS matrices (cf. J3l): 
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Proposition 2.5. A unitary n x n matrix U is permutation-symmetric if and only if U — ar-"' + bJ^ for a,b € C 
satisfying \a\ — 1 and \a + nb\ — 1. 

On the other hand, full characterization of unitary MPS matrices is a difficult problem and only partial results are 
known. 

For any non-diagonal PS or MPS matrix we set d := j^j (j + €). In our further considerations, an essential role 
will be played by (non-diagonal) Hermitian unitary MPS matrices, i.e., by unitary n x n matrices of the type 



M = 



±d 


e iori 2 


e iai3 . 


■ ■ e 1 " 1 " ^ 


-Iff 12 


±d 




■ ■ e"*-" 


-ia a 


e -l«23 


±d ■ 


. . e 1 " 3 " 




e -ia 2 „ 


e -m„ . 


±d , 



^Id 2 + n - 1 

where otjt are real numbers representing phases. 

Pe rmutation- symmetric couplings 

As we will see, PS and MPS unitary matrices are essential objects in the study of vertex couplings with equal 
scattering probabilities. 

Definition 2.6. We call a vertex coupling permutation-symmetric ( PS) if the corresponding boundary conditions ([TJ 
are equivalent to 

(U - I)P*¥ + i(U + I)F9' = 

for any permutation matrix P € S„. 

In other words, the coupling is permutation-symmetric if the vertex is invariant under renumbering of its edges. 
Equivalent definitions can be easily obtained using Equation (0 and Proposition ^. 51 

Observation 2.7. Let a vertex coupling be given by boundary conditions ([T]). The following statements are equivalent. 

• The vertex coupling is permutation-symmetric. 

• The matrix U is PS. 

• U = al {n) + bJ in) for a, b G C satisfying \a\ = 1 and \a + nb\ = 1. 

• The scattering matrix S(k) is PS for all k > 0. 

All the permutation-symmetric couplings form a 2-parameter family that has been investigated in detail in 0]. 
The family includes the physically most important vertex couplings, in particular the 6 and 6' couplings, as it can be 
seen from Table[T](see also Jit]). 



Coupling type 



Table 1: Special permutation-symmetric vertex couplings (U = a/'"' + W'"') 

a b 



free coupling 
(^-coupling with parameter y 
^-coupling with parameter y' 
6' -coupling with parameter y' 
<5p-coupling with parameter y 



-1 
-1 
1 

n+iy' 
n-iy' 
n—iy 
n+iy 



n 
2 
n+iy 
2_ 

n-iy' 

2 

n—vy' 

2_ 

n+iy 



Observation 2.8. IfU is PS, then it has at most two eigenvalues. 

Proof. Since cr(J (n) ) = {0, n), we have tr(£7) = {a, a + bn], hence #o~(U) < 2. 
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□ 



Scale invariant couplings 

The stattering matrix generaly depends on the momentum k, but there exists a family of vertex couplings for which 
S(k) is ^-independent. These couplings are called scale invariant. With regard to Equation (0, scale invariant vertex 
couplings can be characterized in several ways: 

Observation 2.9. The following statements are equivalent. 

• The vertex coupling is scale invariant. 

• The vertex coupling be given by b.c. ([TJ with a Hermitian matrix U. 

• The scattering matrix S(k) is Hermitian for all k > 0. 

Equally-transmitting couplings 

Let us finish Preliminaries by introducing one more family of vertex couplings which is, in some respect, a 
generalization of permutation-symmetric couplings. 

Definition 2.10. We say that a vertex coupling is equally-transmittingF] // its scattering matrix S(k) is MPS for all 
k>0. 

An important parameter of any equally-transmitting vertex coupling (except for the decoupled vertex, see Rem. l2.ll ) 
is the ratio 

\S{k) n \ 2 

which has the following physical meaning: 

reflection probability at momentum k 



P(k) = 



transmission probability at momentum k 



Equally-transmitting couplings form a much richer family than PS couplings do, and there does not exist so far 
a simple characterization of them. Apparently, Observation ^. 71 cannot be straightforwardly extended to them. The 
examination of equally-transmitting couplings has been initiated probably by the paper 19[] whose authors studied 
vertex couplings with these two properties: (i) S(l) is MPS, (ii) diag(»S(l)) = 0, in other words, couplings which are 
uniformly transmitting and non-reflecting at k — 1. Later, in paper j]]], we have examined scale invariant equally- 
transmitting vertex couplings. Section[5]of this paper will be devoted to an extension of these results. 



3. Vertex couplings for U having at most 2 eigenvalues 



With regard to Observations 12.81 and 12.91 vertex couplings given by U having at most two eigenvalues seem to 
form a natural common generalization of permutation-symmetric couplings and scale invariant couplings. 

For any unitary matrix U having exactly two eigenvalues, cr(U) = {e 1Q, ,e^}, there exist orthogonal projectors P 
(P + 0) and Q = I - P such that 

U = e m P + e I/J g = (e la - e ,f3 )P + e I/J 7 . (5) 

In case that U = \e m ), Equation (fSJ) can be used as well after setting P - I and taking an arbitrary /3. 

Since P is Hermitian and cr(P) c {0, 1), the matrix M defined as M := 2P - I is Hermitian and satisfies cr(M) c 
{-1, 1), thus M is Hermitian unitary. 

Proposition 3.1. If U is a unitary matrix having at most two eigenvalues, then there exist a,/3 G (— tt, jt] and a 
Hermitian unitary matrix M such that 

,«+/)/ a - B a - B \ 

U = e 1 — • (cos ■ I + l sin — ■ M\ . (6) 



The term "equally-transmitting" (vertex or coupling) is not to be confused with the term "equi-transmitting" (matrix) introduced by Harrison, 
Smilansky and Winn in 0]. Equi-transmitting matrix from 0] is, in our notation, a unitary MPS matrix with d = 0. 
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Proof. Let U be given by (0, and M - 2P - I. Then P = \{M + T) and a straightforward calculation gives 



a+H 

11 = ^? 



e 2 — e 2 e 2 + e 2 

M+ / 



2 2 

□ 

With expression © in hand, we can state the fact mentionned at the beginning of this section more precisely. 
Observation 3.2. The family of couplings whose U have at most two eigenvalues contains the following subfamilies: 

• PS couplings: they can be obtained from © exactly for M = -I (n> + \ j (n) and M = I (n> - ^J {n) ; 

• scale invariant couplings: they can be obtained from (0 with {a,f3) C {0,7r}. 

4. Scattering properties 

One of the main properties of the studied family that makes it physically important is a very simple way in which 
the scattering matrices depend on the momentum k. 

Proposition 4.1. Let the vertex coupling be given by boundary conditions ([TJ, where U satisfies (0, i.e., 

a-B . a-B 1 

-7 + isin ■ M , a.B e (-n.n] 

2 2 J 

and M is a Hermitian unitary matrix. Then 



a+S 

U = e 1 — 



(k ■ cos f cos f + x ■ sin % sin f ) • / + i sin 2-2 ■ M 

5 ® = . a i , . a „ r-s^— ■ (7) 

k ■ cos | cos | — t ■ sin f sin 5—1 sin 
Proof. Formula (O can be obtained from Equation (O easily with the aid of the spectral decomposition © of U . □ 
Therefore, if U has at most two eigenvalues, the corresponding scattering matrix (0 has the form 

S(k) = p(k)I + v(k)M , (8) 
where M is a Hermitian unitary matrix. It means that 

• the off-diagonal part of S(k) is uniformly scaled with k, 

• the diagonal part of S{k) is a sum of two uniformly scaled components, / and diag(M). 

Corollary 4.2. Let a vertex coupling be given by boundary conditions ([TJ, where U satisfies (|6). Then for any j, £ 
{] + £) and f, I' (f + £') such that Mj,(i + 0, the quantity 

\S(k) je \ 



\S(k) fe \ 

is constant with respect to k. Consequently, the ratios of transmission probabilities are independent of energy. 
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5. Equally-transmitting couplings 

The main goal of this section, and also of the whole paper, is to describe a wide family of equally-transmitting 
vertex couplings, for which results of Section |4] will be used. 
If we start from (0, we immediately obtain: 

Observation 5.1. Let a vertex coupling be given by boundary conditions (Q3, where 



U = e 1 — 



a-B a-B 
cos ■ / + l sin ■ M 

2 2 



a,[5 G {—7t, n] 

and M is a Hermitian unitary matrix. Then the coupling is equally-transmitting if and only if M is MPS. 



Let us note that if M is a diagonal matrix, then U is diagonal as well, which corresponds to a decoupled vertex (cf. 
Rem. l2.lt . For this reason we assume from now on that 

M is a non-diagonal Hermitian unitary MPS matrix . (9) 
In the next step we express the ratio p(k) = |^"p , defined in ©, in terms of k and d = j^j. 

Proposition 5.2. Let a vertex couplings be given by boundary conditions ([Tji, where U is given by © and M satis- 
fies ©, let d = j^j. Then 



cos ^ cos % + r ■ sin ^ sin '■ 



p(k) = d 2 + (d 2 + n-l)-± tL. (10) 

sin -£ 



Proof. From (0 we obtain 



x 2 



|ifc- cos § cosf + T-sinf sinf + l sin 2^ ■ M iV | 2 1 (k ■ cos f cos \ + \ ■ sin f sin >- 2 . 

p(k) = s = r ■ — s + d , 

1 ' | ls in£^.M^| 2 \ M M 2 sin 2 S± 

and since M is unitary and M PS, it holds = gd-^lgggf = rf 2 + n - 1. □ 



With regard to Proposition l5.21 possible behaviours of p(k) can be classified into four classes according to a and 
/?; let us discuss them one by one. 

Scattering of type I: Scale invariant coupling 
If {a,/3} = {0,tt}, i.e., a(U) = {1,-1}, we have 

S(k) = +M for all k 6 [0, +oo) , 

which represents a scale invariant coupling. Its reflection and transmission probabilities are independent of k and 

p(k) — d 2 — const. 

Scattering of type II: Generalized 6-coupling 

If a t {0, 7r) and (3 — n (alternatively vice versa), i.e., cr(U) = {e la , -1), we obtain from ( PLOt 

,a 1 



p{k) = d 2 + (d 1 +n-\)tg 2 -- - 

2 k l 



Note that if M with certain d is fixed and \a\ ranges the interval (0,7r), then the factor Cd(a) '■= (d 2 + n — l)tg 2 f 
standing in front of -k ranges (0, +oo). Consequently, with a given M, we can construct a vertex coupling whose 
scattering matrix is MPS and the ratio p(k) satisfies 

o 1 

p(k) — d~ + c ■ — for any desired c > . 

k- 

System of this type is fully reflecting, S{k) /, at k — > 0. Physically speaking, this can be identified as generalized 

6-coupling, see also fioh . Prominent representatives of this family are: 
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• (5-coupling, obtained for M = —I + -J, 

• 5p-coupling, obtained for M — I - - J. 

It can be shown that the parameter y of the (5-coupling (cf. Table [D, as well as the parameter y of the <5 ; ,-coupling, is 
related to a in the way y — —n ■ tg %. 

Let us define principal parameter y :- -n • tg § for any generalized <5-coupling determined by an n x n matrix 
U satisfying cr(U) = {e m , -1). Apparently, the principal parameter of the standard 5- and ^-coupling coincides with 
their parameters from Table [T] All the generalized ^-couplings with the same value of the principal parameter have 
many common physical properties, for example, it can be easily checked that the corresponding star graphs with 
infinite edges have the same point spectrum. 

Scattering of type III: Generalized 5' -coupling 

If a = and {S t {0, n) (alternatively vice versa), i.e., o~(U) = {1, e 1 ^}, we obtain 

p(k) = d 2 + (d 2 + n - 1) cotg 2 ^ ■ k 2 . 

In the same way as in the previous case, we deduce that with a given M, one can construct a vertex coupling whose 
scattering matrix is MPS and 

p(k) - d 2 + c ■ k 2 for any desired c > . 

System of this type is fully reflecting, S(k) ~ I, at k — > oo. Physically speaking, this can be identified as generalized 
^'-coupling. Its prominent representatives are (cf. Table[TJ: 

• ^'-coupling, obtained for M — —I + - J, 

• ^-coupling, obtained for M — I - - J. 

It can be shown that the parameter y' of the i5'-coupling (cf. Table [TJ, as well as the parameter y' of the i5' s -coupling, 
is related to /3 in the way y 1 = —n ■ cotg |. 

We define principal parameter y' := -n ■ cotg f for any generalized ^'-coupling determined by an n x n matrix U 
satisfying cr(U) = {1, e 1 ^}. The principal parameter of the standard 5'- and ^-coupling coincides with their parameters 
from Table [T] 



Scattering of type IV: Mixed coupling 

2' 2 



If none of the numbers a,{S belongs to {0, n], i.e., if cr(U)n{l, -1} = 0, we introduce the parameter^ e (—5, |)\{0} 



by the relation 



= tg^tg^; (11) 



COS | COS S L L 



then 

cos 2 2 cos 2 f + sin 2 f sin 2 | / 
p(fe)=^ 2 + (^ 2 + n-l) ? 2 2 2 cos^-^ + sin^- - . (12) 



2 

sin -== 



k 



This system is fully reflecting, S(k) ~ ±7, both at k — > and A: — > oo. Considering the previously discussed types 
of scattering, we can say that the coupling with the characteristics (fTZl) is in a way a mixture of the 6 and 6' type 
couplings, where the 5/5' ratio is characterized by |tg f |. Note that since a and run over (— tt, 7r)\{0), |tg ^| can take 
any positive value, thus the components of type 5 and 5' can be mixed in any proportion. 
Similarly as for scatterings of type II and EH, let us discuss the range of the factor 

cos 2 2 cos 2 % + sin 2 % sin 2 % 
c:=(d 2 + n-l) 2 - — 2 



• 2 a-B 

sin -£ 



if d and £ are fixed and a,/3 satisfy (fTTT i. We need this lemma: 
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Lemma 5.3. Let £ e (-|, |)\{0} fee given fey ( fTTT i. T/ien f/ze sef 



cos- | cos | + sin | sin | 



sin 



2 a-y8 



a, (3 € (-*, tt)\{0} , a # y8 , tg |tg | = tg f 



equals (0, +oo) for tg f > a«c/ ^0, /or tg £ < 0. 

Proof. At first, we use ( fTTT i to eliminate /3: 



cos 2 f cos 2 I + sin 2 | sin 2 : 



now a e (—n, ti)\{Q} is the only free parameter. Then a trivial analysis of this expression as a function of a leads to 
the sought result: 



Iftg£ >0, then 



1+tg 2 ^ 



\a\ € (Q,tt) \ = (0,+oo) . 



Iftg£<0, then 



>f-ff) 2 



We(0,w) 



= 0, 



1+tg 2 ^ 



4|tg£| 



□ 



The result of Lemma l53l can be applied in the following way. Let us have an MPS Hermitian unitary matrix with 
d = j^j. Then for any £ e (— |, | )\{0) we can use M to construct an equally-transmitting vertex coupling with 



/ if 
p(£) = a + I sin £ ■ A: + cos f ■ — I 



where ^ can be chosen as any number satisfying 
• Cdg e (0, +oo) for tg £ > 0, 



c u e(o,(rf 2 + n-l)^ 



fl 



fortg£<0. 



(9n fne matrix M and its parameter d 

In all types of scattering, p(k) depends on the parameter d of the matrix M. MPS Hermitian unitary matrices, 
which are essential objects in our considerations, have been studied in fllll and HI]. Let us recall the most important 
facts concerning their existence. 

1. The range of d. For any fixed order of M, the values of the parameter d are bounded, cf. 0]]: 

Proposition 5.4. Let M be a Hermitian unitary MPS matrix of order n, d — jjj^j. Ifn > 2, then d < | — 1. 

2. Existence of an M for a fixed d. It is known that an MPS Hermitian unitary n x « matrix M with the maximal 
value d mRX = \ - 1 exists for any «, one can take for example M = -I (n) + \ j ui) or M = I (n) - - J ( "\ As for d < | - 1, 
the matrices M have been so far characterized only for certain values of d, for example: 



• There exists an M with d e [j - 3, § - l) for all even n e N. 

• There exists an M with d = ? - | for all even « e N. 

The structure of these matrices, as well as some results for smaller d, can be found in JJ]. Let us refer also to the 
paper 111 ill , where real matrices M are investigated in detail. 

Let us mention that the question of characterization of M PS unitary matrices is not only important for our problem, 
but is interesting in itself, as it is related to several open problems in matrix theory and combinatorics, such as to the 
Hadamard conjecture. 



6. Conclusions 

Vertex couplings corresponding to unitary matrices having at most two eigenvalues are characteristic by a simple 
^-dependence of their scattering matrices S{k). That property allows, using e.g. the method described in 0], after 
transforming the connection condition into "S T-form", to construct quantum vertices with ^-independent ratios of 
transmission probabilities. In this paper, we have focused on equally-transmitting couplings, i.e., couplings for which 
a probability of the transmission from the j-th edge to ^-th edge is independent of (J, €) for all momenta k, and 
furthermore, all the reflection probabilities are equal, regardless of the value of k. We have discovered two their 
special subfamilies that can be understood, with regard to their physical properties, as generalizations of the classical 
(^-coupling and 5' -coupling. 

The construction of a vertex coupling with prescribed scattering properties relies on the existence of a certain 
Hermitian unitary matrix M. This fact may serve as a physical motivation for a study of Hermitian unitary matrices 
with specific relations between the moduli of their elements. 

Our results also inspire an interesting question, whether or not there exist equally-transmitting couplings different 
from those we have described here. 



Acknowledgments 

This research was supported by the Japan Ministry of Education, Culture, Sports, Science and Technology under 
the Grant number 21540402. 



References 

[1] O. Turek, T. Cheon, Hermitian unitary matrices with modular permutation symmetry, arXiv. org: 1104 . 0408 (201 1). 

[2] T. Cheon, P. Exner and O. Turek, Inverse scattering problem for quantum graph vertices, Phys. Rev. A 83 (201 1) 062715 (4pp). 

[3] T. Cheon and O. Turek, Fulop-Tsutsui interactions on quantum graphs, Phys, Lett. A 374 (2010) 4212—4221. 

[4] T. Cheon, P. Exner and O. Turek, Approximation of a general singular vertex coupling in quantum graphs, Ann. Phys. (NY) 325 (2010) 
548-578. 

[5] M. Harmer, Hermitian symplectic geometry and extension theory, /. Phys. A: Math. Gen. 33 (2000), 9193-9203. 

[6] V. Kostrykin, R. Schrader, Kirchhoff's rule for quantum wires. II: The inverse problem with possible applications to quantum computers, 
Fortschr. Phys. 48 (2000), 703-716. 

[7] P. Exner, O. Turek, Approximations of permutation- symmetric vertex couplings in quantum graphs, in the Proc. of the NSF Research Con- 
ference "Quantum Graphs and Their Applications" , Snowbird (2005); AMS "Contemporary Mathematics" Series, vol. 415, Providence, R.I. 
(2006) 109-120. 

[8] P. Exner, Contact interactions on graph superlattices, J. Phys. A: Math. Gen. 29 (1996), 87-102. 

[9] J.M. Harrison, U. Smilansky and B. Winn, Quantum graphs where back-scattering is prohibited, /. Phys. A: Math. Theor. 40 (2007) 14181- 
14193. 

[10] T. Cheon, P. Exner, O. Turek, Spectral filtering in quantum Y-junction, J. Phys. Soc. Jpn. 78 (2009) 124004 (7pp). 
[11] J. Seberry, C.W.H. Lam, On orthogonal matrices with constant diagonal, Linear Algebra Appl. 46 (1982) 1 17-129. 



9 



